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Abstract 
In this work, we present several Lyapunov-type inequalities for a class of p—Laplacian equations of the form 
(w(u'(a))) + r(x) f(u(x)) = 0, 


with Dirichlet boundary conditions, where 7 and f satisfies certain structural conditions with general nonlinearities. We do not require 
any sub-multiplicative property of 7, and any convexity of IO or ¢(t)t in the establishment of Lyapunov-type inequalities. The obtained 


inequalities can be seen as extensions and complements of the existing results in the literature. 


Key words: Lyapunov inequality, 7/—Laplacian, nonlinear equation. 


1 Introduction 


Consider the Hill’s equation 


u(x) +r(x)u(x) =0, x€ (a,b), (la) 
u(a) = u(b) = 0, (1b) 


where r is a continuous and nonnegative function defined in [a, b] with a,b € R and a < b. If there exists a nontrivial solution 
u of (1), then the inequality 


b 
f r(a)dx > 5 4 z (2) 


holds. This result is due originally to Lyapunov [11], and is known as “Lyapunov inequality”. The Lyapunov inequality and 
many of its generalizations have proved to be useful tools in oscillation theory, disconjugacy, eigenvalue problems, and nu- 
merous other applications for the theories of differential and difference equations, and also in time scales. In the last few 
years independent works appeared generalizing Lyapunovs inequality for the p-Laplacian, by using Hölder, Jensen or Cauchy- 
Schwarz inequalities. A thorough literature review of Lyapunov-type inequalities and their applications can be found in the 
survey articles by Brown and Hinton [3], Cheng [6] and Tiryaki [18]. Some other related topics can be found in the resent 
articles [1,2,4,5,7—9, 13-15,17,19] and the references therein. 


We present some results related directly to our problem. In 2005, De Nápoli and Pinasco considered Lyapunov-type inequalities 
for certain nonlinear differential equations (Y-Laplacian equations) generalizing the p-Laplacian. The main result in [12] is: 
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Theorem A Suppose that y : R — R is an odd nondecreasing function such that Y(t) = ty (t) is a convex function. Moreover, 
suppose that there exists a constant k > 0 such that Yy (2t) < kw(t) for any t > 0. If r(x) be a positive integrable function, and 
the following problem 


(:b(u'(x)))’ + r(x)(u(z)) = 0 in (a,b), (3a) 
u(a) = u(b) = 0. (3b) 


admits a nontrivial solution, then 


k \ Bega b- a)] b 
2(5) <f r(x)dz, 


where [v] is the largest integer less than or equal to v. 


In 2011, Sáchez and Vergara extended (3) to equations with a general nonlinear form, considering (see [16]) 


(Y(u (x))) + Ar(a) f(u(a)) = 0 in (a,b), (4a) 
u(a) = u(b) = 0, (4b) 


where À > 0 is a constant. Under the following assumptions: 

(Bi) f € C(R) is odd and satisfies tf (t) > 0 for t Æ 0. 

(Bz) r : [a,b] > (0, +00) is a continuous function. 

(B3) ~ is odd, increasing, and sub-multiplicative on [0, +00), and =~ is convex in t > 0. 

the authors established a Lyapunov-type inequality for (4), having the following result: 

Theorem B Suppose that conditions (B1) — (B3) are satisfied. If u is a nontrivial solution of problem (4), satisfying u(x) 4 0 
for x € (a,b), then the following inequality holds: 


f(u(z)) 


a P(u(x)) 


when the integral exists. 


The convexity of ty)(t) (or 5 J5 and sub-multiplicative property of 7’) plays an essential role in the establishment of a Lyapunov- 


type inequality in [12] (or tien. Our motivation for this paper comes from the papers of [12] and [16]. The main novelty of 
this paper is to establish Lyapunov-type inequalities for a large class of nonlinear equations governed by (5) (or (4)) without 
any convexity assumption on ty (t) or TO and without any sub-multiplicative assumption on %. The function w in this paper 


permits much more nonlinearities than that in [12,16] (see e.g., Remark 2 in Section 1 and examples in Section 4). Moreover, 
under the assumption (H4), we do not require any odd-even properties of f, and require less sign conditions of f than that in 
[16]. 


The rest of this paper is organized as follows. Section 2 presents the considered problem and the main results on Lyapunov- 


type inequalities. Some remarks on the structural conditions are also provided in this section. Detailed proofs of Lyapunov-type 
inequalities are given in Section 3. Additional examples satisfying our structural conditions are provided in Section 4. 


2 Problem setting and main results 


In this paper, we establish Lyapunov-type inequalities for the following equation 


(y(u (z))) + r(x) f(w(x)) = 0 in (a,b), (Sa) 
u(a) = u(b) = 0, (5b) 


where ~ and f satisfy the following structural conditions having general nonlinearities: 


(Hı) Y, f € C((—00, c0)) NC*((0, 00)) with f # 0 on (—o0, 00). 
(H2) w is odd on (—o0, 00). 


(H3) f(t) > 0 for all t € [0, 00). 
(H4) There exists ko > 0 such that | f(¢)| < koy (|t|) for all t € (—co, ov). 


We make further assumption on 4% or f: 
(Hy) There exists constants 60,6, > 0 such that 
dpw(t) < tw’(t) < di(t), Yt > 0. 
(Hy) There exists constants 0o, 04 > 0 such that 
Oo f(t) < tf’ (t) < f(t), Vt> 0. 
Throughout this paper, we always assume that r € L1(a,b) with r Æ 0 on (a,b), and conditions (H1) — (H4) are satisfied. 
Moreover, we always assume that (5) has a non-trivial solution u in the sense that u € C1(a,b) N C({a,b]), w(u'(a)) is 


absolutely continuous in x, and u satisfies the equation in (5) almost everywhere in (a, b). 


The first main result is as follows, which can be seen as a complement of the work of [12] and [16] in the setting of functions 
satisfying (Hy) or (Hf). 


Theorem 1 (i) If ¢ satisfies (Hy), then f’ |r(a)|dx > mre min {(; =), (2a) }- 
(ii) If f satisfies (Hy), then f? |r(a)|dx > 2 -1% - min { (323), (523)""}. 


We present some corollaries of Theorem 1. 


Corollary 2 (i) If w(t) = f(t) = |t\P-2t (p > 1), then f? \r(x)|dx > U: which is one of the results obtained 


independently in [9, ie 
a a a 
(ii) If v(t) = f(t) = (bjt|+d), a,b > 0,c,d > 1, then f? \r(x)|dx > PSS -min {(;2)", (;5) Tma, 


a a— 4, 
(iii) fyt) = f(t) = ae: b>0,¢,d>1,a> Er then f? \r(x)|dx > See -min { (74) (+) oh 


If we make further assumption that 4% (t)t (or f (t)t) is convex on [0 + co), we get some results stronger than Theorem 1, which 
can be seen as extensions of [12]. 


Theorem 3 Assume further that 1)(t)t is convex in t € [0, +00). 
(i) Ify satisfies (Hy ), then f? \r(a)|dx > 2 min {(525)”, (p25) "}- 
(ii) If f satisfies (Hẹ), then i |r(x)|dz > E . min { (72) ”, a), 
Before the proof of main results, we give some remarks on the structural conditions. 


Remark 1 (i) We point out (H,,) (or (H¢)) is a slight version of Lieberman’s in [10], where regularity theory was consid- 


ered for a class of elliptic partial differential equations with a structural condition described by 0 < ôo < ae < 64. 


It should be noticed that wo is always required to be positive in [10], while in this paper w(t) (or f'(t)) in (Hy) (or 


1 
8 (2t) OES 
(Hy)) can be zero at some point to > 0, i.e., ôo = 0 (or 0o = 0). Indeed, considering y(t) = 4 (t— 1)? +1, <t< 
t> 
4” 2” 
we have y € C'((0, and 0 < i < 3 for all t > 0. The lower boundedness can be achieved when 


p) = 38(¢— 1) 
(ii) By (Hı) — (Ha) 


"lent 
; H(0) = w ) = 0 and Y(t) > 0 for any t > 0. Furthermore, if ọ (or f) satisfies (Hy) (or (Hẹș)), then 
p (t) 2 0 (or f'(t) 


> 0), which guarantees the increasing monotonicity of w(t) (or f(t)) int > 0. 


Remark 2 In this remark, we give two examples of the function w (or f) showing that our assumptions on w (or f) are much 
weaker than that in [12,16] (see Theorem A and B) in a certain sense. More examples of functions satisfying (Hy) or (Hy) are 
provided in Section 4. 


(i) 


(ii) 


Let po(t) = t++ witht € [$, V3]. Due to continuities of o and Yh, there exists 54, 54, > 0 such that 5 < ont) 7 1 for 
at”, 0<t< 5 
Sp = 
allt € [$, V3]. Let p = Ga = ($+2)(8) ” andq=5,b0=(V3+ ya) (v3) 1, Let w(t) = Wolt), : <t< v3: 
bt, t> V3 


By direct computations, one may verify that ( aa) = (z) = Ge < Ofort¢€ ($, V3). Thus 3 is not convex 
on [0, +20), i.e, y does not satisfy the condition (H3) in [16]. However, w defined as above satisfies (Hy) with ĝo = 
min{ 06g, p, q} and 6; = max{ô}, p, q} in this paper. 


Let Wo(t) = sint with t € (0,4). Then (Yo(t)t ) = —tsint + 2cost > =Z < Oast — (Z) . Thus there exists 
at?, 0< t< to 

[to, tı] C (0, 5) such that (lÐ < Oforallt € [to, tı]. Let Y(t) = ¢ polt), to < t< tı , where p = to cot to > 
btl, t > ty 


0,a = tọ” sinto > 0 and q = tı cot tı > 0,b = tj sinti > 0. Note that there exists 5,64, > 0 such that 64 < ens < 


ôi for all t € |to, tı]. One may verify that y% satisfies (Hy) with 8o = min{do, p,q} and 6, = max{ô}, p, q}. However, 


(W < 0 for t € [to, ti]. That is to say such a 4 does not satisfy the convexity condition in [12] while it still satisfies 
(Hy) in this paper. 


3 Proof of main results 


We present first some auxiliary results needed in the main proof. Let Y(t = fro s)ds for t > 0. 


Lemma 4 Assume that w satisfies (H)-(H4) and (Hy). The following results hold true. 


(i) 
(ii) 
(iii) 


w(st) < max{s%, s®! b(t), Vs, t > 0. 
: C?—contiuous on (0, +00), and convex on [0, +00). 


WO < w(t) < HO, w>. 


Proof. Let ho(t) = ZË, hi (t) = ¥{? for t > 0. By (Hy), it follows 


; "(t)t% — w(t)dot®-! tp (t) — pts 
pone O10), 6, 


which implies that ho(t) is increasing in t > 0. Therefore ho(st) < ho(t) for 0 < s < 1. It follows that 


(st) < s(t), Ve >0,0<s<1. (6) 


Similarly, one may prove that h (t) is decreasing in t > 0. Then hi(st) < h(t) for s > 1. It follows that 


(st) < s* y(t), Yt > 0,s > 1. (7) 


By (6) and (7), we have 


(st) < max{s®, s! b(t), Vt > 0,s > 0, 


which and the continuity of ~ in t = 0 yields (i). 


(ii) is obvious since Y” (t) = y’ (t) > 0 for t > 0 (see Remark 1) and Y(t) is continuous in ¢ = 0. 


To conclude (iii), let Yo (t) = (1+ 60) (t) —ty(t) and Y(t) = (14+ 461) U(t) — ty (t) for t > 0. It is easy to see that UG (t) < 0 
and W(t) > 0 fort > 0. Then Yo(t) < Yo(0) = 0 and Yı (t) > (0) = 0, which and continuities of Yo, Y yield (iii). E 


Remark 3 Let F(t =f F s)ds for t > 0. Then the function f satisfying (H,)-(H4) and (Hf) and the function F have 
a ° above. 


Proof of Theorem 1. Without loss of generality, assume that |u(c)| = a |u(a)| > 0 with c € (a,b). Note that |u(c)| = 
x€[a,b 
c b 
1([ Jul (e)ae| +| [Pu ceide|) < } Je whl 


Firstly, we prove Theorem 1 (i) under the assumption that ~ satisfies the structural condition (Hy ). Indeed, by the monotonicity 
of Y, and Lemma 4 (i) and (iii), we get 


W(lu(e)|)lule)| < 


a 


— g\ĝo — a)ê! b 
= (14i) max C ae Lf (|u'(x)|)d, (8) 


where in the last inequality we used the convexity of Y (see Lemma 4 (ii)). 
Multiplying (5) by u, integrating over (a, b), and using Lemma 4 (iii), (H2)-( 4), and (8), we get 


J ea ad, Wila 
= ae f o0uwtar 
= aE [ rotar 
te malou) f rela 


ko 
d 
E ({u) rf j|dz 


oko) 
ko(1 + 54) oe (b—a)® 
a aa, m saa ° BLE fu (|u"|)dar - f |r(x)|dz. 


Note that T W(|u’|)da > 0, otherwise, f? W(|u’|)da = 0. By (8) and Lemma 4 (i), we have, 


0 < vO = 6 zulo Jle) < max { ey (AY peoo <0, Wt>0, 


| | 


| | 


which implies w = 0 for all t € [0, +00). Then by the odd property of 7), we have ~ = 0 for all t € (—c0, +00). Due to (H4), 
f = 0 for all t € (—o0, +00), which is a contradiction with the assumption (H1). 


Then we get 


Í 1+ ôo gto gH 
>— -O pmi ; 
J roez ESS Goa Gear} 


Theorem 1 (i) has been proven. 
Now for Theorem 1 (ii), we proceed in a similar way as above. Indeed, if f satisfies the structural condition (Hy), proceeding 
as in (8), we get 


b — q)% a) 
flue! < (1-404) max EZ, E n a}. f rwo (9) 


Multiplying (5) by u, integrating over (a, b), and using Lemma 4 (iii), (H2)-(H4), and (9), we get 


b 1 b 
J Plwbars ef UDs 

k b 
gan | vb(|u!|)|w Ide 


1+ 60 


ko f 
— ud 
z foe) í 
ko 
- $y OL 
k 
1 a rejat] (Fu jul) T le Jida 
ro 
°- F(\u(c) plate f reaz 
14 
ko(1 +8 b—a)® (b 
HIO mfa el \. fr (\u!|)dar- fr [r(x)|de. (10) 


Note that i F'(|u’|)da > 0, otherwise, we can argue as in the proof of (i) to conclude f(t) = 0 for any t € (—co, +00). 
Finally, (10) implies the desired result. a 


IA 


IA 


Proof of Theorem 3. The proof of Theorem 3 is a slight modifications of the proof of Theorem 1. Indeed, let P(t) = w(t)t 
for t > 0, and let c, u(c) be defined as in the proof of Theorem 1. If y satisfies the structural condition (H), arguing as in (8), 
we get 


wodo < mas f (27) (PE) of 
coe)" (58) "fet a) 
< max { (75) i e Yi f eiras (11) 


where in the last inequality we used the convexity of ®. 
Concerning with (5) and (11), we have 


f aoas [vu pita 


N 


N 


N 


b 
= f ræ F(ujuae 
b 
< koy (lu(o)l)lule)| / Ir()|de 


s Pamm (5) (135) ff ewe fs 


which yields the desired result in Theorem 3 (i). The desired result in Theorem 3 (ii) can be proven in a similar way. | 


Proof of Corollary 2. For (i), it should be noticed that ôo = 69 = 6 = 61 = p — 1 in (Hy) and (Hy)). 


For (ii), it should be noticed that for t > 0, 
w(t) = f(t) = t° log.(bt + d), a,b > 0,c,d > 1. 


Then we have 


tu! (t) bt bt 1 
< =g < =a + — i 
a< wit) a Saty a+ gg vt>0 


(bt + d) lnc: log,(bt + d) bt + d) lnc- log, d 
Thus ôo = 09 = a > 0,6) = 0, = a + g > Oin (Hy) and (Hy). 


For (iii), it should be noticed that for t > 0, 


te 1 
= ———., b>0,c,d> l,a > — 
log. (bt + d) ° : 


v(t) =F ind’ 


Then we have 


1. tw/(t) bt 
nm yo Ee S 


Thus ðo = 0) = a — z4 > 0,61 = 01 =a > O in (Hy) and (Hy). a 


4 Examples 


In this part, we give additional examples of w(t) (or f(t)) satisfying (Hy) (or (H)), and find 60,61 (or 90, 61). For simplic- 
ity, we only restrict w(t) (or f(t)) to the case t € [0, +00), since one may construct functions by odd or even extensions to 
t E€ (—o0, +00). 
Example 1 

w(t) = f(t) = In(1 + at) + bt, Va > 0,0 > 0. (12) 
For (12), we have 


ty’ (t) at 1 bt 


a 
= l < 1, Vt>0. 
UO l+ath(i+a)+h mirare A 


Note that \n(1 + at) < at for all t > 0, it follows 


b oWO a 
< < 1 t ; 
i 4 oe 


Thus 69 = fo = 3%; > 0,61 = 01 = $ +1 > 0 in (Hy) and (Hf). a 
Example 2 
v(t) = f(t) =(1+t)In(1 +t- t. (13) 
For (13), firstly, note that Y' (t) = In(1 + t) > 0 for any t > 0. Thus w(t) > (0) = 0. By direct computations, we have 
twi(t)_ tn +t) t A 
w(t) (1+t)m(1+t)-t (14+2t)- TEET] 
Since In(1 + t) < t for all t > 0, it follows 
: > =1, Vi>0. 
G+- +d- 
In the following, we prove that for any t > 0, there holds 
tmt) ca ai 


(1+t)In(l+#)—t — 


Indeed, let hy (t) = tn(1 +t) — 2((1 + t) n(1 + t) — t) = 2t — tIn(1 +t) — 2In(1 + t). Then hi (t) = 1— In(1 +t) — z 
Let ho(t) = (1+ t) —-(1+ t) n(1 +t) —1 =t-(1+1t)In(1 + t). It is easy to check that h5(t) = —In(1 + t) < 0 for any 
t > 0. Thus ha(t) < h2(0) = 0, which leads to hi (t) < 0 for any t > 0. Therefore hi(t) < hi(0) = 0. As a consequence, (14) 
holds true for any t > 0. Finally 69 = 99 = 1,6, = 6; = 2 in (Hy) and (Hf). a 


Example 3 
at?,0<t <to, 

WO=10-( tect (15) 
where a,b,c, p,q, to > 0 such that ath = bti + c, and apt?! = bgta—*. 
For (15), we have y = f € C'((0, +00)) and 

ty (t) 
min{p, gf < ~~ < maxip, Gg}. 
{pa} < SO < maxtp.4} 

Thus ôo = 09 = min{p, q} > 0,6, = 6; = max{p, q} > 0 in (Hy) and (Hf). E 


Example 4 The following example is interesting since w or f is with a variable exponent: 


p(t) = 


at? ,O<t<to, 
f(t) = t)-1 
bto ®© ,t > to, 


where to > 1, a,b, p > 0, and the function g € C*([to, +00) satisfy 


c< g'(t)tlnt+g(t)— 1< d,VYt > to, 


p = g'(to)toln to + g(to) — 1, 
a= btg o) -1-P 


(#)-1y: 
with some constants d > c > 0. Note that Cees = tg'(t) Int + g(t) — 1. By direct computations, one may verify that 


wv = f € C'((0,+00)) and satisfy (Hy) and (Hs) with 69 = 09 = min{p, c} = c, 61 = 6; = max{p, d} = d. a 
Example 5 In [16], the authors provided two examples of 1)(t), i.e, 


(i) w(t) = |t|*~p(t) with a > 1 — p, and 
(ii) w(t) = (In(|t| + b))°y,(t) with a > e,b > 0, 


showing that WO is convex int > 0, where pp(t) = |t|?~7t (p > 1). We point out that y(t) given by (i) or (ii) also satisfies 


the structural condition (Hy). Indeed, for (i), it is easy to see that Oe +p-— 1 > 0fort > 0. Thus 69 = 6, =a+p—1 


v(t) 
in (H). For (ii), by direct computations, we have wO =p4 (Fa) TUFE fort > 0. Note that 0 < EEFE < a for 
t > 0. Then ôo = p, 6, = p + ez in (Hy). | 
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